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pulse Propagation in Optical Fiber

—
Sudipta Das

Department of Physics, Govt. Gen. Degree College, Chapra, Nadia, WB, India
Department of Physics, Kazi Nazrul University, Asansol, W .B, India

1. Introduction

Copper Wwires are been used for data transmission since the invention of the
telephone in 1876[1]. But as the demand increased, the use of the copper wires
consistently got reduced due to the many reasons such as low bandwidth, short
transmission length and inefficiency. Again light wave cannot travel a long
distance in the open atmosphere as the energy gets consistently attenuated due to
dissipation. These causes distortion in the signal. So some kind of guiding
channel is required to minimize the distortion. Optical fiber is a new medium, the
heart of an optical communication system, which provides the necessary wave
guide for the transmission of information (light). Understandably, it carries the
light wave, loaded with information (voice, data or video). In such a system, the
sending information which is needed to send modulates an e.m wave such a radio
wave, microwave or light wave. This modulated wave is then transmitted to the
receiver through a channel and the receiver demodulates it to retrieve the
imprinted signal. The carrier frequency is associated with TV broadcast (50-900
MHz) are much higher than those associated with AM radio broadcast ( 600
KHz-20 MHz). Due to this fact, the more amount of information can be sent by
the employing higher frequency carrier e.m wave in any communication system.
The higher frequency and more information carrying capacity are the two main
reasons for introducing laser in communication. Optical fiber is an artificial
nonlinear medium that permits transmission over long distances and at higher
bandwidth (data rates) than other form of communication. It plays a very
important role due to its properties like high bandwidth, long distance
transmission and high level of security. Optical fiber has both linear and
nonlinear characteristics. The terms linear and nonlinear in optics implies
infensity independent (power independent) and intensity dependent (power
dependent) phenomena respectively. Nonlinear effects in optical fibers occur due
to (_1) the changing of refractive index of the medium with optical intensity and
(2) inelastic scattering phenomena. The power dependence of the refractive index
'§ responsible for the so - called Kerr- effect. The waveguides are used in the
plcomnds optical pulse propagation in Nonlinear Schrédinger (NLS) family of
“Quations with cubic nonlinear terms. In present day applications, in
Fele_colnmunication and ultrafast signal routing systems, as the intensity of the
lnc1denF light field becomes stronger, non-Kerr nonlinearity [2,11,12] effect
“omes into play and due to this additional effect, the physical features and the
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stability of the NLS soliton can be change.d. The way through the non
nonlinearity influences NLS soliton propagation is described by the NLS f;K?n
of equations with higher degree of nonlinear terms. Mily

2 Non-linear fiber optics:

The geometrical optics provides only an approximate description of the guigi
propertices of the optical fibers, which is reasonable when the core radius jg ,m:n}gl
larger than the light wave. When the optical intensity inside an optical ﬁb(;
increases, the refractive index of the fiber gets modified. The wave propagatiog
characteristics become a function of optical power. Unlike linear fibey Optics
where the propagation constant is a function of fiber and wavelength only, thé
propagation constant become a function of optical power in addition to the other
parameters. Inside a single mode optical fiber, an optical power of few tens of
mW may drive the medium into nonlinearity. When the optical fiber becomes
nonlinear the pulse propagation gets significantly modified.

2.1 Nonlinear optics and Theoretical Model:

Nonlinear optical phenomena are characterized by the ability of laser pulse to
influence the optical properties in a material which would affect not only its own
propagation but also the dynamics of other pulses as well. For very intense e.m
fields, all dielectrics exhibit nonlinearity; i.e the properties of materials also
depend on the pulse intensity. This can be easily seen from the relation
connecting the induced polarization P and electric field E [3].

P(T,(O) —_ 60(11E+X2 EE+X3EEE+ .................... ) s (1)

where x!(i=1,2,....) is the jth order susceptibility. The first order susceptibility
x*determines the linear part of the polarization PL which is given by

P, (r,w) = €, x'E ()

On the other hand, terms of 2nd and higher order in (1) determine the nonlinear
polarization PNL given by

Ppn.(r,w) = €g(x? EE + y3EEE ++-+--- ) . A3)

In equation (1) the first term is the dominant term which contributes to diclectn:C

constant, second term vanishes for Silica glasses (Si02), since SiO2 is symmetric

molecule. So lowest order non vanishing term in (3) is given by

PNL(TU a)) = EO(xaEEE) . (4)
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3 Nonlinear wave equation from Maxwell's equation:

Maxwell's equation is the main governing equation for the description of e.m
wave propagation in a dielectric medium. We confine our analysis to isotropic,
nomogeneous and source less materials, so that J = 0 and p= 0. Thus Maxwell's
equations can be written as [4,5,6]

V.D=0 ()
V.B=0 (6)
— _98
VXE=—— (7)
and VXH=2 8)

Where E and B are the electric and magnetic field vector respectively D and B
are corresponding electric and magnetic flux densities, J is the density vector and
p charge density. The electric flux density and the electric field are related in the

form
D=€eE=€,E+P . 9

Where, € is the permittivity of the medium, €, is the vacuum permittivity and P
is the induced electric polarization. On the other hand, the relation between the
magnetic flux density and the magnetic field is given by

B=uyH=pH+M . (10)

Where, y is the permeability of the medium pis the vacuum permeability and M
is the induced magnetic polarization. Since silica, non ingredient of fiber, is a non
magnetic material, Thus M = 0. The constant pgand €, have the following

-9
values, yg = 4m X 10"7% and €)= %Z—n;i-. Equations (5) and (6) correspond to

Gauss's law for electric and magnetic fields respectively while equations (7) and
(8) are known as Faraday's law of induction and Ampere's circuital law. To
obtain the wave equation that describes light propagation in optical fiber. We
take curl of equation (7) and use equation (8) we will write

a2p .
WE=—m3§2 (11)
1 3%E a%p
or, VZE vl e (12)

where, ¢ = is the velocity of light in vacuum. Due to the interaction

0€0)
between the electric field and material during propagation, the nonlinear
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polarization induced inside the material. Induced polarization consists of ty, pan
such that

P=PL+PNL , “3)

where the linear part P, =€y X'E (14)
Using equations (13) and (14) in (9) we get

D =€ (w)E + PnL . (15)

Here, € (@) =€, (1+ x!) . Again n?(w) =€ (w) =€, (1 + x1), Using
equation (15) in (12) can be written in the form

d%E azp
V2E — o€ = = Ho 5~ - (16)

Consider the medium is linear. i. ¢ PNL =0. Equation (16) leads to a plane wave

equation
V2E — ppe il = 0 (17)
0% a2 '

Where, = ,/;_e , stands for the phase velocity. The index of refraction, 'n' of the

Ho
material is defined as

N7
T (18)

The refractive index is given in equation (18) corresponds to the real part of the
complex refractive index. In this case of non magnetic materials, we have yy =
and the refractive index is determined solely by the permittivity of the medium €
which depends on frequency of the incident electromagnetic wave.

_¢
n=-=
v

4. Pulse propagation in a linear dispersive medium:

To understand the importance of different quantities in fiber optics, we first
consider equation (16) in the linear regime. Neglecting. the nonlinear term, then
the equation will be

VZE — uoﬁ(o))f‘ﬁ'z =0 _ (19)

This equation is expressed in time domain. To obtain the wave equation in the
frequency domain, we use the Fourier transform with e/t time dependence.
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we can convert the time domain wave equation to the frequency domain by
. a . . 92 g
replacing 3 with io and Fre with —w?. Therefore, E(z,t) =

© & —i 9%E : . .
51; [© E(zw)e Wtdw and V2E = 55 S0 equation (18) in frequency domain
{s written as

d?E(w,2) ~
= K 2E(z, w) ) (20)

Where K% = g € (w)w?. This allows us to take the frequency dependence of
the refractive index into consideration. Equation (17) has an identical form and is
characterized by the Helmholtz equation[7]. In electromagnetism, the vector
Helmholtz equation in frequency domain equivalent to the Lossy wave equation.
In homogeneous media, the propagation of pulse (wave packet) in the frequency
domain is governed by the Helmholtz wave equation. The superposition plane
waves can be written as a product of amplitude and phase. Therefore,

E(z,t) = A(z,t)e'(koz-0t)
where , A(zt) is (structure of superposing of different kind of plane waves of
different frequency) a slowly varying envelope, w, is a central carrier frequency

and kO is the wave number corresponding to the central frequency. Now A(z,t) is
written as Fourier transform

1 r®. )
Az, t) =Zr-j A(z, 6w)e %t d(5w)

Where = w — wg . Now

E(z,t) =
itkpz—wt) . . it
—— I A(z,6w)e™ et d (bw) . (21)
Again
E(z,t) = i I” E(z,w)e ! dw. (22)
Comparing equation (21) and (22), we get
E(z, w) = A(z, w — wg)e'*o?. (23)
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Using equation (23) in equation (20), we obtain the propagation equation j,,

terms of the quantity A‘(z, w = wy) (slowly varying field amplitude in l'fcqucncy
domain)

Zik(,%:-(-k (K*(w) - ko*)A = 0. (24)

This is the cquation of envelope term A and this equation is called Slowly
Varying Envelope Approximation Equation (SVEA). The second order

derivative of the slowly varying envelope A(z, @ — wg) has been neglected ag
a4 M, . '
1571 « |5; | For K(w) = ko, we can write

K2(@) = ko? = (K(w) = ko) (K (@) + ko) = 2k (K (w) — ko). (25)
Using (25) in (24) we get
i 24 (K(w) - ko)d = 0. (26)

Since w~wq + dw we expand K(w) in power series (Taylor's series) around the
central frequency wj. This gives [2]

.04 K ~wp)? %K
5zt ko + (@ = 00) 7 lumw, + ol X | 4o kgl =0, (27)

Equation (27) can be expressed in time domain by replacing —w, = i ,

at
2 2

—w)? = 292 % _1 . : iy K _
(w—wy)* =1 70z and 20y * 18 the inverse group velocity, 302

% (vi) = P is referred to as the group velocity dispersion (GVD). Thus in time
g
domain equation (26) reads as

9A 1 0A i, 8%4 '
;+ZE+E,32$—O . (28)

We now transform variable to the pulse frame (a reference frame, moving with
group velocity of the pulse) of co-ordinates Z and T defined by T=t- vi 2=

)
zand A(z,t) = A(Z,T). Fig.1 is shown below.
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Figure 1: Transform variable to the pulse frame

aT
dA(zt) _ 0A L DADT 04 104 and QA(zt) _ 9402 . DA0T  Then pulse
3z 0z dTdZ 9Z wvydT at  azat aTat
propagation in the new co-ordinate system can be describe by
A | i , 8%A
il o= 29
az+2‘82372 0. (29)

The pulse shape in two time frames (Rest and Moving) is shown in fig.2.

A

Fig. 2: The pulse shape in (a) Rest and (b) Moving frame

In the rest frame the pulse is moving with a velocity v,. In the moving frame, the
configuration of pulse is changed and the pulse is standing in a same position. In
the absence of the group velocity dispersion (GVD) ( i.e.f, = 0) the pulses
move without any change in its shape. Then the equation (29) will be [5]
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2AET) _ g

dz ’ (30)
o, 104
and thus a7  vgot (31

This is travelling wave equation and solution in the form A(z,t) = Ag(t~2 )

which represents pulses with temporal proﬁle? A0(t) atz =0 that PTOpag:i
undistorted along the z-axis at the group ve!ocxty vg with respect to a slation, e
(laboratory) frame . Equation (29) is a dispersion equation in time domaj;y

Taking Fourier transform

1 o -
Az T =—[ A w)eTdw . (32)
Equation (29) reads as
94(z, i p
_;_“’2 + :;-ﬁzsz(z,w) =0 : (33)

This is the first order dispersion equation in frequency domain. Solution of
equation (33) in frequency domain is given by

A(z,0) = A0, w)eiP2¥*z (34)

Equation (32) with (34) leads to

- 1o 2,
AEZT) =2 [ K0,0) & " Mg, with A(0,w) = = [% A(0,T) e™*TdT (35)

To stud}_' the eﬂ"ect‘ of disgersion on the broadening of pulse envelope upon
propagation, we will consider the example of a Gaussian pulse envelope.
Gaussian pulse at z =0 is given by
T2
A0, T) =e 275 . (36)
Where; the real parameter TO is the initial (input) pulse width.

. 1 r®
A0,0) =5 f A(0,T) e~i@TdT

1 s (Tz :
=) ¢ Var
m2 2

—
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[n writing (37) we have used

2_

f_wm e~ (@x*+bx+0) gy — ‘F-egb—T-:a—o . (38)
a

After propagating a distance z in a medium the pulse amplitude can be obtained

by using (37) in equation (35)

(e ¢] Tz i :
AQZT) =2 [" G FdetioD g, (39)
Using equation (38) in (39) we arrived at

TZ
A(Z,T) = —2 —¢ 205-i62D) (40)
’Tg—iﬂzz
This equation shows that the Gaussian pulse remain Gaussian as it propagates.
However its width after propagation a distance Z broadens to

1 . o .
. In optical communication system, the signal pulses propagate over

T =
iB2Z
‘1———T§

huge distance. Consequently, the broadening can easily reach an extent of
spoiling the signal definition itself. To demonstrate, let us assume that the
temporal pulse of the Gaussian shape at z = 0 shows no group velocity dispersion
(GVD=0) (Fig.3).

Fig. 3: Temporal pulse at Gausse shape at zero GVD=0 (zero chirped)

2
After passing the path z = 2L, or z = 4Lp (where Lp = %"— ) the pulse has still
2

Gaussian shape, but it is significantly broadened due to the GVD effect. The
GVD effect can be positive or negative. When, the component of longer wave
length moves faster than the shorter ones, we say that GV D >0 (Fig. 4(a)). When
the components of longer wave lengths move slower than the shorter waves, we
say that the fiber shows the negative dispersion (GV D <0) (Fig. 4(b)).
Comparing the two equation (36) and (40) for input and output Gaussian pulses
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find the certain change in (1) Pulse width (2) Amplitude (in A ;. n
w¢C )

xpressionfl; = 0, i.e there is no dispersion then T =1. But g, » 0, they
€ ’ ' . .

amplitude consist real and imaginary part i.c. some complex amplitude) 4ng 3
Phase.

Aft) s
Aft)

I
/\ ,MAAAV. ot AAMA ’4/\/‘&,__.:
TS J VY

il
Al

Fig. 4: Gaussian shape characterised by the positive GVD (a) and the negative GVD (b)

GVD <0

The pulse equation (40) acquires chirp although it did not existed initially. To
show it clearly the pulse equation rewrite in the form

T2 _,ip(zm)
A(Z,T) = A(z,T)e *@ ; (41)

where pulse width as a function of propagation distance Z is given by

T'(2)=T, [1 + (&)2]% : (42)

=T

p ===

18,1 - Here 9(Z,T) is time dependent phase factor and A(Z; T) is the value

Of cnvelope at pulse center. From (42) we can calculate that for a propagation
distance Z = LD the initial pulse width To broadens to T'(Lp) = V2T, , forZ =
ZLDT'(LD) = V5T, and 50 on We also find that as the pulse broadens, the
magnitude of its peak decreases 1o |A(Z,T)| = —To Fig-5 shows

T .
les of dicmm: - (T +18[222)%
c);amp es of dispersion induced pulse broadening for the propagation distances

width and decrease in peak

—
—_—

7 0,2,4 and illustrates the increase in pulse
power with propagation distance,
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|A(Z, TI?
L )

input i ulse == 0
Lp

0.8

f
0.6 /
04 —
0.2 —

Z=4Lp ~ / S
/I/ / | \_ \g\ N

0.0

-5 0 S T/T,
Fig.5: Broadening of pulse of the Gaussian shape during the propagation in an

optical fiber, input pulse for z = 0, pulse after covering the path of z = 2Lp,
pulse after covering the path of z = 4L,,.

VA
The time dependent phase ¢(Z,T) = —sgn(B.) ZI; )z _ZTTZz +
14{—) “70
Lp

%tan'l(sgnﬂz) Li is changing. This implies that the instant frequency differs
D

from the central frequency wy along the pulse. The difference (instantaneous
frequency) is given by

Z
Sw(T) = — 22D = _¢on(p,) —25 T | (43)
aT 1+( Li) T
D

it is called chirp (frequency distribution is not uniform) function of Z. Fig.6 and
Fig.7 show the uniform frequency distribution and chirp pulse respectively.

vn\/\v/\vf J /W o

Fig. 6: Uniform frequency distribution  Fig. 7 Chirp pulse (frequency is not distributed uniformly)
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5. Optical fiber nonlinear regime/self-phase Modulatig,

(SPM) . _
Self-phase modulation (SPM) is the change in the phase of an optical pulse 4,
to the nonlinearity character of the refractive index of the material meg

. ; tum, T,
understand the origin of this effect, we consider the Maxwell's waye equation
with nonlinear polarizability PNL

0%E 92PNy
VZE - poe(w) 57 = Moz - (44)

If a plane optical wave with an electric field (E) propagates in a nonlinegr
medium then

BE= %Eo (Z)ei(kz—wt) _ 45)
The corresponding nonlinear third-order polarization is given by

Py, = %X ? € [Egedithz-on 4
3E,|Ey|2e'®==0D + c.c] 46)

Where, c.c means the complex conjugate. If the necessary phase matching
conditions for an efficient generation of the third harmonic generation are not

provided, the first term on the right hand side of eq. (46) can be neglected and we
have

3 _

; Py, =
3 i(kz—
g o X Eo|Ey|?etkz-at) (47)
Now,
1[0%E, _  E, 1y dE 48)
V2E = = |—2 4 2ip 20 _ 12 i(z-wt) o ~|9i, 250 _ 12 i(kz-wt) (
E = |2+ 2ik= kEo]e 0 zz[z:k - kEo]e w

In obtaining the last result, it is assumed that the second derivative of electric
field EO is much smaller than first one, which corresponds to the so-called slowly

varying approximation (SEVA)]. Concerning the second term on the left-hand
side of eq. (44), it gives

— “’Tz E,el(kz-wt) ’ (49)
and
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%Py _

2

"% €0 w2 E[PE ezt ” (50)
Using equations (48),(49) and (50) in equation (44) will be written as

2k T~ Ko + He(@)w?Eo| €200 = =2 ¢ y3w?|EF|Egeiaet . (51)
The second and third terms cancel out each other as
k= (‘—”—)2 n? = wlpye e, = Wiy €
¢
Then equation (51) will be given by
%o o Hys O EE,

and finally we get

o = 2P LB lE (52)

0z 8

2 _

Here we have use dk = —n and ¢

T o€
Modulation (SPM). In SPM pulse phase 1s modulated by its own. Since the
intensity of plane wave is given by

1
I= 3 Eo noc|Eol?

Eq. (52) in terms of intensity (I) can be expressed as

50 = ingkolEy (53)

This gives Eq(z) = Eye™2koz_ Total electric field can also be written as

E(Z) — E ez[(k+nzkol)z —-wt] ‘ ' (54)
From Eq. (54) we see that the amplitude of the pulse does not change. Indeed, its
phase changes with z. The propagation constant modified to
k' = (ng + nalkg . (55)
The total electric field of pulse with modified phase takes the form
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(2) = 5 Boe 5"
In terms of refractive index the equation (55) will be written as n = n

n,1. The nonlinear refractive index of a r_na.tenal depend;{ on the ft’[l‘me dependenc,
of light pulse intensity envelope z}nd this is known as Kerre-effect[3,8). 1 y;,
section we find that amplitude is not going to chgnge bqt only change i,
corresponding phase. This means if we launch clectnc_ﬁcld ina Kerr-n.On lineg
medium then phase is going to modulate by itself. T!us phenomenon is called
Self Phase Modulation (SMP). Equation (52) can be written as

dE,
0z

=iylEI*E0 - (56)

Where, y =-Z x3 -c‘:—1 Power of an e.m pulse is proportional to P « |E|2,

Therefore,
dlEo|? _ . 9Eg E“gﬂ
oz = E az+ 0 3z . (57)

Equation (57) implies that (R.H.S is always zero) P is always constant. The phase
@ of E depends on z. However, |Ey| is independent of z, such that 95| _ 0.

oz
Therefore, the electric field E = |E,|e’® used in (56) leads to write
d
22 = yE 2. (58)
Integrate (58) from 0 to z with ¢(0) = 0 gives
¢(2) =y|Eo|*z . (59)

m eguation implies that the phase is changing in SPM and the phase change is
linear in nature. A schematic diagram is shown in Fig. 8.

(=)

-

Figure 8: variation of w(=2) ws z

We see that the electric field withoyt SPM and with SPM is respectively
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